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Abstract—There has been considerable progress in the con- applications, according to a system employed by Nelson and
struction of fundamental bandwidth limits and near optimal  Stravis [8]. The ‘type 1’ or ‘bazooka’ balun and the ‘type
design realisations for several classes of passive linear electrogia 2" and ‘type 3' balanced output baluns. This class system

netic wave devices, most notably for radar absorbent materials, erves to brovide a useful basis for discussion and is o hi
antennas and meta-materials. This article seeks to place balun S€VES o provi usetul basis ISCUSSI nd is onetwhi

design on a similar footing, for an important class of baluns; We also employ here. However, for our purposes, it is more
in particular those which are ‘perfect’ and do not contain important to distinguish between baluns which provide getrf
magnetically coupled transformers. For this class of baluns, the palance over the entire frequency range, but which are esabl
equivalent circuit is always characterised by a shunt impedance at only over a finite band due to limitations on the return loss| a

the output of the device which is inductive in the low frequency . L
limit. Consequently they are governed by one of the Fano [9] those baluns which are perfectly balanced only over a lonite

limits on bandwidth. The Fano integrated measure of bandwidth frequency range (neighborhoods of isolated frequencies) b
is proportional to the shunt inductance and is maximised when which present no frequency limitations on return loss. We

the reflection coefficient, at the balanced output port, is minimum  will designate these as ‘perfect baluns’ and ‘imperfectibal,
reflection phase. Although, in theory, a minimum reflection phase respectively.

high pass matching network can be shown to provide infinite

fractional bandwidth in practice it is not possible to construct : .
such a network at microwave frequencies because the shunt Baluns may be regarded as three terminal devices, where the

impedance is not purely inductive. At microwave frequencies the INPUt terminal is a §tandard uni-modal waveguide port and
shunt impedance is usually realised as a shorted transmission-line the two output terminals support two modes between them.
section with non-negligible length. This may be approximated by The output terminals may or may not be explicitly referenced
a shunt inductance in parallel with a shunt CapaCitance over to a common ground |f a We” deﬁned common ground
the principal operating range of the balun. This leads to a . :

band-pass characteristic and the shunt capacitance gives rise t exists then the tW.O output mpdes may be. d'eSI.gnated even
a second Fano bandwidth measure. It is shown that the use @nd odd modes with well defined characteristic impedances.
of both measures leads to the characteristic impedance of the If @ common ground is not well defined, the return-path
transmission line, together with the balanced load impedance, currents depend on external geometry and support structure
determining the UI“mate pel’formance Of the balun. ThIS U|t|mate and then the even mode Charactenstlc |mpedance depends on
performance is also achieved if the reflection coefficient, looking ., . : .

from the balanced load into the balun, is minimum reflection this support structure. The job of the balun is to reduce thg
phase. Suitable minimum reflection phase designs can be realisedUnPalanced even mode to acceptable levels. A perfect bglan i

using Fano-Rhodes band-pass networks and these equivalentone for which there is no even mode present at any frequency
circuits can be compared with realistic designs. An example of or, equivalently, one where each output port is phaseddat
such a design is presented for use over 2-18 GHz. degrees with respect to ground.

Index Terms—microwave, baluns, filters, bandwidth
Imperfect baluns include the type 1 bazooka balun, the cut-
away balun [7], featuring a slowly transitioning coax calbte
tapered microstrip-to-balanced strip-line and the CIPG/P-

Baluns are important components of many microwave agps jmplementation of the double-Y balun [15]. These baluns
tenna systems, required in order to produce symmetric &f}s not balanced at all frequencies and become balanced only
tenna patterns which remain symmetric over the operatioRghen there is a frequency dependent cancellation of the-even
frequency range of the antenna. As the requirement grows ffier mode or where the even order mode exists at a low
antennas of larger and larger bandwidth it becomes importg&ye|, small due to the relative difference in charactirist
to seek any fundamental limits on baluns that may exist. jmpedances of the two modes and the electrical distance in
8yelengths over which this difference exists.

I. INTRODUCTION

There has been considerable progress in establishing ba

width performance bounds on radar absorbers [1], [2], [1ne type 2 and type 3 baluns are perfect baluns for which
antennas [3], [4] and metamaterials [5], [6] since the s@Minpere is no even order mode at any frequency. Other examples
work of Fano [9], [10]. These types of performance boundgcjude the Marchand balun and the slot line implementation
are characteristic of other passive structures, includewgin  of the double-Y balun [15]. The ideal balanced transformer,

kinds of baluns and it is the aim here to consider suQmploying magnetic field coupling between the primary and
baluns in this context. Munk [7] catalogued baluns, for ante



secondary windings, is another example of a perfect balunto the load resistoR. For the present we will assume that
The ideal magnetically coupled transformer is a canonicahy transmission line realisation of the inductor is eleatly
device whose physical implementation at high frequency ssnall so that no shunt capacitance is required\ih The
limited by materials science rather than any requiremehts metwork N”' should be as close to loss-less as is practically
causality as described by Fano. At microwave frequencig=masible. The reflection coefficient looking from sourceoint
limitations are set by the finite electrical conductivity othe loadR;, is I'(w) at angular frequency. The backwards
the component metals, the unavailability of low loss higteflection coefficient looking from the load into the source,
permeability materials and the sub-wavelength scaledviedo represented by a source load resistgr is p;. The notation,
Currently, upper operational frequencies are limited tew f for the most part, follows the conventions of Fano [9], who
GHz so such transformers cannot be used for many microwdirst presented the bandwidth theory of structures of thit so
applications. In all that follows, a harmonic time convention is employed

_ _ S with time dependence’*?.
As stated in [7] bandwidth limitations are set by the shunt

impedance that exists for type 2 and type 3 baluns. This input unbelanced N N balanced outpt
shunt impedance is inductive in the low frequency limit and o | o

is probably characteristic of all transformerless perfetins, , ﬁr > %L Co %R
though we are not aware of a proof of this. The two ‘bal- Oi ! '
anced’ output terminals must be electrically symmetricamnd o— o
exchange of terminal position. Without a balanced tramséwy matching essentil shunt

all known examples of a perfect balun feature an unbroken perfect balun

conducting p?'th,between th_e two ports ",1 order to pem}—lltg. 1. First order equivalent circuit of a perfect transferless balun
balanced excitation by the input port. This unbroken path

is a consequence of the requirement to ‘shield’ the currents

excited by the input port from any even order modes thahe integrated bandwidth of the balun may be defined in terms
might be excited. For example, the type 2 and type 3 balugf its return loss expressed in dB weighted by the inverse
in [7], feature an inner conductor connected to the input pagquare of the frequency. Network theory may be employed
which lies within a coax cable whose outer Shleldlng forr‘q@ produce 0ptima| designs, with theory drawn from an ear|y
an unbroken run between the two balanced output terminalgapublished report [12] originally intended for applicatito

Under th tion that the shunt i d bet r%dar absorbers containing frequency selective surfadesh
bertlla(riz:e depﬁftz ui??nlggctivae in fhz Il(;\r/]v flrne]gﬁeﬁg/:elimﬁ Vg?izn Og fhe theory is common since we are dealing with maximum

. e . . o dwidth i f [ lisable struct 8.).
the Fano bandwidth limits applies and provides a well deflneé‘n width issues of passive realisable structures ([Flefe.)

bandwidth constraint. However, the shunt impedance has otih order to express a measure of performance we introduce the
generic characteristics at microwave frequencies andtterbecoefﬁcient,Bp, 0 < B, < 1 where the maximum theoretical
approximated by a short-circuited length of transmissiog | integrated bandwidth is achieved whip = 1, the conditions

of non-zero electrical length. This leads to a band-passeinogbr which are set out below. Let the integrated bandwidth
with the shunt impedance represented by a parallel indoetameasurez,,,, be defined by,

and capacitance. This leads in turn to a second Fano contstrai -

which while approximate (unlike the first) serves to provide Thw = — / de(;”) dw (1)
more realistic bandwidth measure. 0 w

wherel'y,(w) is the return loss seen at the unbalanced input

Il. EQUIVALENT CIRCUIT FOR A GENERAL port, expressed in dB as a function of angular frequency
TRANSFORMERLESS PERFECT BALUN Then the Bode-Fano inequality may be written as an equality,
A desirable characteristic of a balun is that it should =L
be lossless, so that its equivalent circuit should feature a Lyw = 2010910(@)310]; @)

resistance only in the expression of the balun load excited . ) ) )
by the balanced, odd mode, output. For antenna applicatidi’llgereL 1S the shunt inductance described above #hdis
this is usually the radiation resistance. Although the haldn€ l0ad resistance arilogio(e) ~ 8.686.

is a 3-port device, the perfect balun may be regarded RS
a l-port device whose input is the unbalanced port fromb%
source of characteristic impedangg, or a nearly lossless two
port device whose input is a characteristic impedadgend
whose output is connected to a balanced mode BadFora 1. The networkN” should be lossless.

perfect balun with no magnetically coupled transformeng, t 2. The networklN” should not feature a shunt inductance

et of necessary and sufficient conditions 8y = 1 may
obtained from the original Fano theory [9] as illustraited
the appendix. In summary,

equivalent circuit is shown below. This is represented imte at its output terminals.
of a matching networkV” connected to a reactive shuhNt. 3. The reflection coefficient; (w), looking from the load
In first order representatiorly’ is represented by an inductor to the source, should be minimum phase, after any all-

L whose output represents the balanced output of the balun pass filter (if one exists) has been removed.



If the network is lossy then equation (2) is not valid anequation (2) is written differently in the form,
I'(w) must be replaced by, (w). Conditions (1) is required <L

in order that|T'(w)| = |p1(w)] (in the original Fano paper [9] T = 201og;,(€) Br7

the analysis is conducted in terms @f). If the network N/ 0
contains a shunt inductor of valug’ at its output terminals In this case,B, = 1 for R, < Z, and B, = Zy/R,, for
then the equivalent circuit is degenerate ahdn (2) must Rr. > Zy. Both forms are equivalent.

be replaced by.. — 1/(1/L + 1/L"). The minimum phase ) . .,
condition is the major theoretical requirement that thipgra C!€2rly, €ven wher3, = 1, most of the integral is “wasted

addresses. The requirement of removal of an all-pass fitijth @ reflection coefficient that is not usefully small away
is not strictly necessary since if an all-pass filter is pdhcérom zero frequency. What is required is a network which gives

between N’ and R; then the shunt inductance Iookinga good shape to the reflection coefficient (e.g. a rectangular

from load to source is increased while the magnitude gistribution) whilst simultaneously keepinf, ~ 1 for min-
the reflection coefficient|p: (w)| remains unchanged. By|mum reflection phase. Suppose, for example, the reflection

definition the structure is non-minimum phase afig < 1.  coefficient can be engineered to be of step form,

®)

However, it is convenient to definé independent of any 0 for w < wy
all-pass phase delay betweé¥ and R; since this is the Pap(w) = —Ryp forw > wy ©)
assumption made when designing minimum phase filters.
Hence the inclusion in condition (3). then,

1, = 4B )
It is very relevant that the reverse network looking from the Wo

load into the source is the same as that representing a raglagwing that an infinite bandwidth balun is theoretically
absorbing material (RAM) [1], [2], [11], [12], so much ofpossible provided that the rati,z /w, remains a constant set
the theory developed for such applications can be applieddg (2) and provided that a high pass network is realisable. Th
the balun problem. In the RAM problem the load resistdact it is not realisable is a consequence of other propedie
represents the impedance of free space from which a plahe shunt impedance iV’ which, above, is represented only
wave impinges on to the lossy surface. Here, the inductangg a single inductor.
L is proportional to the thickness of the absorber and to the
relative permeability at zero frequency. For a radar ateprbln order to determine minimum phase requirements it is
it is often more convenient to represelt’ as lossy (rather hecessary to study the poles and zeros of the input impedance
than featuring all the loss by the single elemefy). Since Z»(w) associated with the reflection coefficignt(w) looking
we requirel’ to be replaced by; in (2), this is not an issue. from load to source. Reversing the network representation i
figure 1, we consider a ladder network representation asrshow
The maximum integrated bandwidth is dependent only an figure 2. Here the element; represents the first shunt
the load impedancé&; and the value ofL. If a transformer impedance andZ, the first series impedance element of the
is available R;, can be transformed to an arbitrary value imadder. The input impedancg, of the balun in the reverse
which case there is no limit to the integrated bandwidth of
the balun. Whilst balanced transformers are often unavailab N
unbalanced ones can be readily fabricated (e.g. usingedper [o

N//
]
ZZ T ZZn
or stepped impedance transmission lines). %R % %L =] r-j% .
L 1 3 0

The integrated bandwidthZ,, is weighted heavily by ot
the functional form of the reflection coefficient near zero ladder network representation
frequency. This has some interesting implications. For

example, if there is no matching network and the equivalefig- 2. Ladder network reverse representation
circuit is simply the inductancel. in parallel with the

resistanceR;, thenZy,, may be easily evaluated. In this Caseglirection may be represented by a rational function of the
, Laplace transform variable, = jw, such that
o ]UJL(ZO - RL) - RLZ()

~ jwL(Zo+ Rp) + R1Zy ® Zy(p) = Pp) ®)

Q(p)
- for polynomial functionsP(p) and Q(p). Clearly, Z, must
/ i1 g (1) = { nL/Zo for Zo > Ry (4) be arealisable passive function which requires that theszer
o W T\ |p1(w)] mL/Ry, for Zo < Ry of P(p) and Q(p) lie in the left hand half plane. This is
We can replace; by T’ and employ (2). In this casg,, is Well described in the standard literature (e.g. [13]). Hesve
maximised whenR;, = Z, and B, = 1 for R, > Z, and this is not sufficient to ensure minimum phase. For minimum
B, = Ry/Z for Ry, < Zy. phase we require that the polynomi&l(p) — R.Q(p) is
Hurwitz stable. (Actually, this is not quite sufficient. & also
In the RAM context [1],[12], which starts with the reverseequired thatP(p) — R Q(p) and P(p) + R.Q(p) share no
network with a source impedancg, that of free space, common zeros in the right hand half plane, but sidt@)

z

p1(w)

and



and Q(p) have no zeros in the right hand half plane for and a second Bode-Fano inequality. Just as before, the Bode-
passive network, this latter condition is assured for pasit Fano inequality may be written in the form,
R;.) The conditions for Hurwitz stability of?(p) — R Q(p)

’ m
may be found quite simply as a set of inequalities relating Tow = 201og1o(e) B, CR, (10)
the equivalent c_|r_CU|t _parameters of the ne_twork for Iow_anr_d where0 < B/ <1 and B’ = 1 if and only if
networks containing inductors and capacitors. Howevels it p
not straightforward for arbitrary networks of high order. 1. The networkN" is lossless.
2. The networkN"' does not feature a shunt capacitance
I1l. | MPROVEMENTS TO THE MODEL AND FURTHER at its output terminals. If it does, it should be lumped
BANDWIDTH CONSTRAINTS in with C.

The integrated bandwidth can only be changed by reducing’-  The reflection coefficienp, (w), looking from the bal-
the load impedancé,, or increasing the shunt inductanée anced load to the source, is minimum phase, after any
However, methods to changde usually have an effect on the all-pass filter (if one exists) has been removed.

f|rst|_e_leiments,%1 et((j:. Zf thg ladder ?etwork SO t.h|_s mu; beI'hese are the same conditions as before with condition (2)
exp 'C”YCO”S' ered. .t.m|crowa.ve requencies itis e“, replaced to feature degeneracy in capacitance rather than
to consider the _capa0|t_|ve contr|but|o_n. For examplé ifis inductance. The proof of this follows the same argument
made large by increasing the electrical length of the ballg% given in the appendix [10] with the logarithm of the

then 2, becomgs more capgcitive ata given frequgncy Whelfiection coefficient expressed as a power series/im in
the frequency is small. To increade without changing the o high frequency limit with coefficientsl?® replacing the

dimensions of the inductor requires the relative perm&ﬂb!'coeﬁicientsA? and A% = 3" Aos — 3 Ao

to be increased in which the structure is embedded since

in general L is proportional to the relative permeability,Equations (2) and (10) provide two simultaneous equations
assuming the relative permeability is independent of feqy.  which may be solved if the reflection coefficient assumes

Unfortunately, this option is not available at high micre@a a specific functional form. Suppose this is taken to be a
frequencies where such magnetic materials are unavailabl&tangular distribution such that,

The use of dispersive and artificial magnetic meta-mateial

possible but the dispersion has an equivalent circuit sspre

tation which leads back to the previous formalism. Eleatric log, (1/]p1(w)]) = 20log o(e) h o Sw<w
metamaterials, whose relative permeability is unity atozer 0 w>w, (11)

frequency, may permit a practical realisation of the nelwm%or lower and upper angular frequencies < ws,, then
equivalent circuit but cannot be employed to change theabov '

requirements. 1 - 2 4 -
w1 = < e + — | — (12)
In practice, L is realised by a structure which is better 2 <hRLC) LC|  hRLC
approximated by a length of short circuited transmissioe li
with (possibly) some radiation loss. The radiation loss lsan 1 . 2 4 .
lumped in with the load resistande; and does not change w2 =5 (hRLC> + o + RO
the model, but the properties of the transmission line mast b
modelled at non-zero frequency. Since we are primarilyrintgs e define the fractional bandwidth,
ested in performance over a contiguous frequency band, the W — Wy
next order equivalent circuit model of the shorted transiois 8= (13)
line may be represented as a capacita@icen parallel with V2
L. then the loss bandwidth product,
;g;:tunbamnced N// N/ gzlrc;mced output ﬂh _ i £ (14)
—o—] o RV C
7,3 ) J_ %L Cos %RL A shorted transmission line has input impedangg, =
i CT Z.tanh(pT). The low frequency limit may be used to define
o o the inductance, so that
matching higher order representation
network of shunt impedance L=2T (15)

Fig. 3. Higher order equivalent circuit of a perfect trameferless balun where Z, is the characteristic impedance of the line and-

d/c is the delay time wheréd is the line length ana is the
ropagation speed in the medium. The capacitance C may be
e%ermined from the resonant condition for whigk, — oo
whenw = 1/V/LC so that,

Tow = — /O T gy (1) ©) r= VIO (16)

The existence of a non-removable capacitance gives rise t§
second integrated bandwidth measykg,,



in which case, in the LC pass-band approximation, comprising Z1, Zs, ... Zsy, should ideally form a lossless
high-pass filter. Minimum phase high pass filters were first
~ (17) designed by Fano [9], implemented as Tchebychev filters [14]
c 2 and considered for radar absorber applications in [12]ubrhs
The expression (14) is exact when the shunt impedancenetworks the odd elements;, Z3 etc. represent inductors (in
represented by a parallel inductor and capacitor but orgy reghe case ofZ;, an infinite inductancey; = pL and the even
resents an approximation, with (17), for a shorted transiois elementsZ,, Z, etc. represent capacitors wiffy = 1/pC;.
line. However, it clearly shows the importance of the charac _ o o )
teristic impedance in determining bandwidth performarne. FOr microwave applications the realisation of a perfechhig
accurate assessment of performance of a given balun, ists 2SS filter is impossible, but a band pass design can be ebitain
only to employ theZy,, integral measure since this makes n8Y a network trgnsformaﬂon. A number of transformatiores ar
reference to thd.C' approximation and makes no assumptiogvailable for this purpose where tiies andC's of a standard

about the functional form of the reflection coefficient. high pass filter are replaced by more complex realisable
network elements. These include band-pass and transmissio

Since impedance transformation may be accomplished oliee element periodic forms. The requirement that any such
distances large compared to a wavelength using taperest traransformation should respect the minimum phase requineme
mission lines, bothZ, and R; can be made to take a wideof the whole network is a feature that is not commonly con-
range of values. IfL or Z, is fixed we would like to reduce sidered. Fortunately, a number of theorems can be employed
Ry leading to a network as illustrated in figure 4. Here, thi®r this purpose. One such theorem [12] is as follows:
presence of a shunt capacitor is included in fhecomponent. )

The auto-transformer symbol is used to show that a taperBagorem. If Zi(p) and Y;(p) = 1/Z;(p) represent realisable
transmission line has a common ground and is not balancBgSSive impedance and admittance functions of the Laplace

It is not intended to imply magnetic coupling. For example/ariablep = jw and a two-port ladder network comprising
inductorsL; and capacitorg’; terminated byR;, is minimum

LN’/TZC

Zo

N and N ‘combined reflection phase, then provided
input unbalanced e m ,
a ] 1 Up) _Yilp) _Z
| a2 1 — Py = LW Yl Zi) gy
: | Vi)~ ¢ L
impedance ' L RL

then the network comprising element(p) terminated by

Ry, is also minimum reflection phase. Here the functit(p)

is a positive function expressed by the polynomidi®) and

Fig. 4. Impedance transformation with a perfect balun V (p) with no complex zeros in the right hand half plane. The
proof relies on expressing the input impedance of the nétwor

under this strategy for a type 2 or type 3 balun, the exterigr(p) as a rational function with polynomials expressed as a

structure which defineg or Z. should remain fixed, but the product of root factors. If,

interior part of the balun which describes the balancedwdutp ,

should be operated at low impedance and then transformed to Z(p(p)) = L) (19)

the necessary higher impedance to match the antenna load. In Q')

practice the low operating impedance will be constrained

dimensional tolerances and available materials. In axfdithe

characteristic impedance of individual elements of thecimat

ing network may be impossible to achieve without introdgcin

unacceptably large stray inductances and capacitances.

O

t?éfr polynomials P(p’(p)) and Q(p'(p)) sharing no common
root factors, ther# (p’(p)) is minimum reflection phase if and
only if P(p'(p)) — ZoQ(p'(p)) is Hurwitz stable. We have,

N N
P o) - 2000 0) = (5 ) TIOW +n70)
IV. REALISABLE MATCHING NETWORKS AND INCREASING =1 (20)

BANDWIDTH FOR FIXED Zpy, wherep; are the roots of?(p) — Z,Q(p) prior to transforma-

The other strategy to increase bandwidth is by control tibn andN is the number of such roots. Whepare real, then
the matching network without increasing eitheror reducing p; are positive and hence siné&p) and V(p) are Hurwitz
R;. The matching network assumes the role of defining ttetable for passive elements then s&/i®) +p;V (p). Whenp;
total required shunt capacitance. Viewed in this manner thee complex then they exist as complex conjugate pairs and we
total shunt capacitance may not be realisable if, to achievensider the quadratic factof8 (p)+p;V (p)) (U (p)+p;V (p))
the required inductance with a transmission line of givewhich take the forntU?(p)+ SU(p)V (p) +~V2(p) for B > 0,
characteristic impedance, the line capacitance is lafdg@n t v > 0. This polynomial is also Hurwitz stable. Because
the shunt network capacitance. the product in (20) comprises a product of Hurwitz stable

o ] o ] polynomials, the product is also Hurwitz stable, complgtin
As indicated in (7), at low frequencies it is theoreticallysp the proof.

sible to achieve near infinite bandwidth whilst still satiefy
the causality requirement (2). To do this, the two port nekwo The Richards transformation provides a representatioering



of waveguide elements [13}Y(p) = W tanh(pT) for arbi- the numerator polynomial of the impedance function. These i
trary positive real constantd” and7'. Note that we explicitly clude theequidistant linear phase polynomial, which includes
introduce the scaling facto with units of frequency to the Tchebychev polynomials as a special case, abitrary
ensure thap’ andp have the same units. This transformatiophase polynomials, both of which may have application here.
replaces inductors by sections of shorted transmissiendid However, these latter types are rather more complicated and
capacitors by sections of open-ended transmission line.  no explicit network parameter formulas are currently alazé.

_ ) ) ) For our purposes, all such singly loaded loss-less ladder
S'(”)Ce an open ended waveguide has input 'm_pedm‘% networks whose reflection coefficient is a rational functidn
Zy”/tanh(pT) and a closed ended waveguide has inpdhe ratio of two Hurwitz polynomials will be termeBano-
impedanceZ;,, = Z((,C) tanh(pT') for characteristic impedance Rhodes ladder networks.

Zéc) it follows that each transmission line element has a . . )
characteristic impedancﬁfc) given by Zi(C) =1/(WC;) for Using standard filter transforms, it is possible to convdava

the open ended sections alﬁijc) _ WL, for the shorted pass filter into a dual form and transform either the origoval

sections. Each element must be of equal electrical length sﬂltS dual into a high pass or band pass filter. A property of the

that if 3 represents the wavenumber at frequendy a guide transformation is that the bandwidth and shape of its fraque
of length I, then 81 = wT. The constant” represents the characteristics is conserved (under suitable definiticarg]

(1-way) propagation time and may be chosen arbitrarily enci a structutre tlh";t hgs_gtpglr_na_lt b?ndw;dth ";I |fts O“QF'E""'
scale the frequency range of the balun but it has no effect m tas arfl op 'Ta an V\f dm' ' sf_ltran?horme orm. ”e
bandwidth. The scaling constaRt (with units of frequency) asic transformations employed n Tilter theory are usually

may be set so that the impedance of the shorted transmiss?gﬁ'gnﬁd Ito mcl;@e;;}tl most otne capacnorbar:d one -:rduct:tor
line and parallelLC' combination match asx — 0 and 0 €ach elemenk;. This IS not necessary, but we will no

such that the position of the first pole matches. In this casgee,EK to generalise here.

W = 1/T and the reflection coefficient becomes a periodighe matching network scheme hinges on making the first shunt
function of frequency with an infinite number of pass bandgjement of the (transformed) Fano-Rhodes network equal to
The Richards elements can in principal be implemented @t transmission line shunt impedance, comprisingand

microwave frequencies, but the formalism ignores stray c3ay more realistic network representation of the ‘extérior
pacitances and inductances which are usually sufficieatel conducting path of the balun that gives rise ko In its

that anLC' band-pass approximation is equally as accurategimplest form this is the inductdt and a parallel capacitance

IQ, suitable for a pass-band design. In what follows we take

Without the use of magnetic materials with relative peth h teristi . d f th work
meability . > 1 it is difficult to achieve characteristic Snf aractenstic source impedance of the reverse networ
= Ry and the termination resistande = Z; without

impedances in a TEM line much greater than that of fr
P g umingR; = Z,. In this casel’ should be replaced by

(fs) : - ass
space/Z; ~ ~ 377 ohms, at microwave frequencies. MethodS™" ;
to obtain high characteristic impedances include the use ‘df n (2). Figure 5 shows the nature (_)f the ladder netw_ork
conductor strip widths or wire diameters less than a ti _quwed to compe_nsate for the shunt |mpedance_ assuming a
fraction of a millimetre, or the use of convoluted inductor- |gh-p.::1ss I(:shunfqlr?déjctor) tor an—p&ss.(shl:r?t md(;;ctdr an
like structures but in both cases the achievable charatiteri Cap.ﬁm' tor)t é:mo- 0des Networz;, 1S the Input iImpedance,
impedance is limited, especially if ohmic losses are small. as lllustrated.

Rhodes [14] analysis employs a description of the network
V. THE FANO-RHODES BAND PASS MATCHING NETWORK Parameters in terms of series inductors and perfect imgerte
for the loss-pass primitive forms. This raises a question on
Fano [10] considered a maximum bandwidth ladder netwotke realisability of inverters. There are two issues heirstlf,
for transfer of energy from a resistive source to a load ansialthough a single inverter cannot be perfectly realisedgisi
ing of a capacitor and resistor in parallel. This design et  finite number of inductors and capacitors, there are standar
minimum phase requirement with a reflection coefficient thapproximations which are valid over a limited frequency
is the ratio of two Hurwitz stable polynomials. Althoughghi band (e.g. see chapter 15 of [16]). If the bandwidth of the
is a low pass structure, and does not have the required shimagrter approximation is larger than the bandwidth of the
inductive behaviour, it can be transformed to one that dobalun these methods can be employed. Secondly, it is relativ
using appropriate filter transforms that maintain minimurstraight forward to show that, subject to certain limitato
phase. that are of no consequence here, a ladder network containing
inverters can be realised using inductors and capacitdits wi

As far as we are aware, Fano was first to describe thg expiicit relationship between the two equivalent networ
design of a Tchebychev ladder network meeting this MINIMUpBpresentations.

phase requirement. More recently, explicit network patanse

have been derived for an arbitrary,, order filter of this The Fano-Rhodes Tchebychev (FRT) network is a general
sort, for example as described in Rhodes [14]. Rhodes alsg order filter capable of meeting the optimal matching

considers a number of other filters, based on normalised losquirements set out by Fano [10] where explicit formulae
pass prototypes, which exhibit the required Hurwitz stghiih



where T, is a Tchebychev polynomial of ordet in the

real frequency variables. The coefficientsA and ¢ are real

LT numbers;e may be of any value describing the ripple level
Li:ji::::11:1::1{7””3 and out-of-band tail-off,A < 1 describing the filter depth

reverse network (R=2) In this form, we explicitly include the cut-off frequenay,
Transmission ine shunt impedance (in [14], w is assumed dimensionless and frequency scaling is
performed after the formulation).
HIGH-PASS MODEL
The subsidiary parametersand¢ are then defined by,

transmission line shunt inductance .
reflection loss (dB)

1 1
1 = sinh ( sinh™! > (23)
n €

f | | (1., 1-A
0 frequency | § = sinh (nﬁmh e) (24)

reverse network (R=Zo) limit of model validity

wheren > ¢ > 0. When S (p) is minimum phase it takes

BAND-PASS MODEL the form,
transmission line shunt impedance (LC) n y i1l _
fine shunt impedance (LC) ____________..™" p/wo + jcos[sin” ~(j&) + (2r — 1)7/2n
o : . Su(p)z]_[(/ _ [._1(') ( )7/ 2n]
5 \p/wo + jcos[sin™ (jin) + (2r — 1)7/2n]
Zin (25)
J The load impedance may be shown [14] to be,
””””””””””””””””””””” "0 frequency : in) M + f
reverse network (R=Zo) limit of model validity R, (nv 5) - Z(g )j (26)
Fig. 5. Fano networks appropriate to balun design. If the other network parameters are the series indudtprgor
1 <r < n)and inverter parameters,. ,; (for 1 <r <n-—1)

then [14],
are available for the component values. This is referredsto a

the minimum phase Sy, Tchebychev prototype in [14]. The  ,/ _ 274" sin[(2r — 1)7/(2n)]
simpler minimum phase S;; Maximally Flat prototype may " wo(n —&)

be regarded as a special case. After suitable transfonmat(i}lq_%

the FRT can be used as a prototype for the construction o

for1 <r<mn. (27)

a matching network for the balun. To make our use of the Zéi”) \/52 + 02 — 2n€ cos(rm/n) + sin?(rm/n)
theory clear, we will consider the argument in various stage K, ,+1 =

following the sequence of forms (a)-(c) illustrated in figug, n=¢ (28)
below.

forl1<r<n-1
Sage (a)

We first assume a canonical form in terms of series inductoffe inpyt impedance for the original low-pass inverter form
and inverters, as illustrated in the inverter form of theyoral may be represented by the continued fraction

low-pass design, figure 6-a. Note that an inverter of charact

istic K is defined as a device for transforming between twoZ(a) — L+ K, (29)
impedancesZ and Z’ under the transformation, in = Pl K2,
pLs + 3
K? / K 501
z pLl | 4 ——n=bln
Y Ay

. ) . It may also be represented, for the LC form represented in
The following material comes from [14] (section 2.7), modfigyre 6-a, as the continued fraction

ified to include a non-unity source impedangg and non-

unity cut-off frequencyw, (following the scaling rules, section 7@ _ pL(a)+ 1
2.12). For a Tchebychev filter of order, the transmission ~*" ! (@) 1
coefficient S12 from the source impedancd, into the load PGy + 1
impedanceR’ is assumed to be of the form, pLéa) +.+
A pcfzaf)1+ (a)
|S12(jew)? (22) pLa”+ RO

T 1+ T2 (w/wo) (30)
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original form, low pass

L 1
O— VR
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Zj Klz

O
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VY ,
n-1,n| % R

inverter

inverter inverter

inverter form

(b)

LC form (n even)

(©)  dual form, band-pass, LC form (shown for n odd)

Fig. 6. The dual low-pass and band-pass forms of the FRT nktwor

Comparison of these two forms shows that, foodd,

g
o

Ly

o,

and R®

Ly
Ly
Kty
K, L
K3y
L’/Vl—l L/ —2
Ky omo1 \ L\,
[N T
K721—2,7L—1K72L—4,n—3 .. -K122 "
Ly, -1
K2 —Ln 07(1(121
K721 2 n71K72174,n73 . K122 L/
Kn 1 nK'rQL—?),n—Q . 'K223 "
R -1
K2 —Ln 07(1(1)1
Ker 2 n71K72174,n73 . K122 R/
K?L—1 nK?z—?,,n—2 ~-K223

(31)

where the number ok? terms is the same in numerator and
denominator for the inductorES‘” (r=1,3,5,...,n) but one

less in the numerator for the capacitaﬁ'é“) (r=2,4,...n—
1).
Whenn is even,
L -
L/
C(a) _ 2
? K7,
K2,L
L@ — 21278
’ K3,
o Knli
K K3,
(32)
L(a) _ KT2L 3,n— 2K72L 5n—4 " K122 I
n— - n—1
! Kn 2,n— IK —4n—-3" K223
2
C7(1a) _ 2 Kn72,2nfl e 'K23 . L;L
-1 nKn—S,n—Z t 'K12
and L K2 —on1 - K3 o
R(a) K2 —1 nKr2173,n72 . K122
Sage (b)

We now consider the dual form. We employ a general theorem
of reciprocal networks, as given by Bartlett [17]. This slsow
that given any ladder network composed of series impedance
elementsS; and shunt impedance elemenis, the dual
network composed of reciprocal shunt elements (reciprocal
with respect to the impedandg, £%/5S;, and reciprocal series
elementsk?/T; has an input impedance which is itself recip-
rocal to the original. Referring to figure %, = k%/Z,. For

Sl SZ Sn
Tl T2 T,=
T, k%T2 T = IR

z, =K1z, ks, Kisy

Fig. 7. The relationship between dual forms of a ladder netviBartlett's
theorem)

our purposes, we assume the series elements with impedance
S; are inductors and the shunt elements with impedafice



are capacitors. Referring to figure 6-b, we therefore definejn the original network becomes a seriesand C, and every

b a
C{ ) Lg )/k2
b a
b a
oo -
(33)
L(b) _ kQC(G)l
n— n—
oy = Lo
R® kQ/R(a)
(34)

for some as yet unspecified real impedariceThe input
impedance is then given by,

k‘2

AR

and the reflection coefficient of the dual form is given by,

k2 -z 71

mn

T2y 27

() _

n

(35)

S(b)

11 (36)

We now express an important lemma. Writi@z) =U/V
as a rational function with Hurwitz stable polynomidlgp)
andV(p) in the Laplace transform variabje= jw, we may
rewrite Sﬁ) as,

U — (k*/Z§™)\V

G _
1 (in)
U+ (k2/Z2")V

(37)

Since the reflection coefficient for the original netwoﬂ%‘f) =
U - z{™V))(U + z{™V) is taken to be of minimum
phase (Hurwitz U/V form),Sf{) is of minimum phase if
k < z{™. This follows from a stability theorem that i (p)
andV (p) are stable and i/ (p) — Zém)V(p) is stable then so
is U(p) — aV(p) for 0 < a < Z§™.

Sage (¢)

The final transformation makes use of another standard net-
work transformation, used to transpose a low pass to a
band pass filter. The transformation in the Laplace transfor

variable (see, for example, section 2.12 of [14%,

pP—a (p + wc> (38)
w(l p
where
We = A/ Wiwsg
o = oV (39)
w2 — w1

wherew; andw, are, respectively, the lower and upper cut-off

frequencies to the pass band angdis the cut-off frequency of
the original low-pass filter. Under this transformationevL

INote that Rhodes assumes unit cut-off frequency for the maldow-pass
filter.

C in the original network becomes a parallel shinandC.
Referring to figure 6-c, the new component values are given

by,

(b)
quc) _ alLy
We .
for » even. Series components.
o/ S
aLg-b)wc
S
acﬁb)wc
for r odd. Shunt components.
ac®
Cr(c) _ T
We
R = R®

(40)

VI. FRT BANDPASS EXAMPLE, N = 3

Here we consider the ca$é = 3 which is of order suitable
for balun construction. The three impedance elemehtsZ,
and Z; form the matching network. In this case, the auxiliary
parameters) and¢ are, from (23) and (24),

1 = sinh <1 sinh ™ 1> (41)
3 €
¢ =sinh (1 sinh ™! 1A> (42)
3 €
Z(in) ) 5 1
Ky — 20 NE W —Ent 3 43)
n—¢
(in) ) 3
Z 4
Ky = 20 V2 +én+3/ )
n—=¢
Proceeding to stage (c), the component values are given by,
Z
C(C) — 0
LT (- &) (w2 — w)k?
1@ _ (1= 8ws —wi)k?
() —
wlngO
ol _ 1= 8ws —w) K
2 2(,«)10.)220]62
(e) QZokQ
L o
? (n— &) (w2 —w1)KE, (45)
Céc) _ Z()K122

(=& (w2 —w1)k?K3,

(n = &) (wa — w1)k* K3,
wlng%2Z0

LY =

R(c) _ k2K223(77 - f)
ZoKTy(n +€)



nevertheless intended to show good performance. The design

By way of example, suppose we assumfie= w, /2r — 3.0 1S intended to provide operation betwee) GHz and18.0
G>I/-|z fz _ w2/27rp: 200ng2 k= Zin :mGO oﬁrln/sz — 09 GHz which is a respectable bandwidth for a Marchand-style

and take values af = 0.01, 0.04, 0.16 and0.64. Note thatZ:" balun. TheN = 3 design includes an additional shunt com-

represents the characteristic impedance of the balanapdtouponent over the standard Marchand form. The characteristic

of the balun. Table | shows the equivalent circuit paransseteimpedance of the unbalanced microstrip is approximasely
and numerically estimated (from the reflection coefficien

hms whilst that of the modified slotline is approximatély
values of B, integrated over the range zero 30 GHz. Note

hms. The use of a floating strip on the top side of the sulestrat
that R represents the required characteristic impedance of ffie€MPloyed to achieve this without the width of the slotline
unbalanced input to the balun.

being unacceptably small. The slotline(2 mm wide with

0.8 mm wide microstrip. The substrate is taken to have relative
The reflection coefficient, as a function of frequency, idteld permittivity e, = 3.38, assumed lossless. Substrate thickness
in figure 8. As we expect, the performance improves as ti0.35 mm. All conducting track is assumed to b&)17 mm
value of L{”) increases, which occurs as the parametés thick perfect conductor.

i i 7o
made smaller. In design of a balun, the inducfor= L; Referring to figure 2, theV = 3 pass-band model assumes

shunting the balanced output logg)™ = Ry, is likely to n inductor L = L; and three impedance elements,

be a given so the remaining parameters should be adjuste annd Z5 where Z, = 1/jwC, is purely capacitive,Zs

match. represents the open-circuit stub by a series inductor and
capacitorZs = jwLs + 1/jwCy and Z3 a parallel inductor
and capacitoil /Z5 = jwC3 + 1/jwLs. Z3 is represented by
€ equivalent circuit values By a thin conductor of widtt).15 mm and lengths.1 mm with
o LY o [ L o | Ly | RO the ground plane beneath it removed. The end of the line is

IpF InH IpF InH IpF /nH Q . .
60T o07Is 588 1272 0552 0.0475 | 6.595 és.sz 7000| connected by a conducting via to the ground plane beneath.

81132 8;313 i-ggi 8-%491 8-225 8-2231 g-ggi Zé-gg 1-888 This high impedance line is similar to co-planar waveguide
0.64 | 05338 | 0791 | 1.144 | 0.369 | 0.476 | 0.887 | 35.77 || 1000 | Withoutground planeL, is defined by the cavity comprising a

conducting shield and gap in the ground plane at the end of the

Table | stripline. In construction, the shields should be boltegetber
EQUIVALENT GIRCUIT VALUEEEAF;PRL:AND'PASS MINIMUM PHASE through the substrate, ensuring good electrical contabttive

ground plane. The shield serves to reduce radiation lossks a
well define the characteristics of the balun when the circuit
board is in proximity to other structur€, is generated as a
= Fane Rhodes e S11 parameter (magnfude ) result of the gap-plus-screen and the stray capacitanaes ne
‘ ‘ T the feeding elements. The design is shown in figures 9 to 11,
Pt - ] where the more important dimensions are illustrated. feigur
': 4 ' 12 and 13 show the CST predicted return and transmission
loss. Note that all losses are radiative since the modehzssu
a lossless dielectric and lossless (perfect) conductors.

10 b

15 -

oefficient power /dB

20

The shunt inductanc€; may be computed by examination of

Reflection c

I g | the low frequency phase response of the reflection coefficien

Salonzass of the screened gap region. The screened gap behaves as a
waveguide below cutoff so its inductance is controlled more

Fo s w m w m wm e by the screen dimensions than the length of the gap. A separat

Frequency in GHz

CST analysis is required, with the analysed structure shown
Fig. 8. Reflection coefficient under variation ofn then = 3 transformed in figure 14. Note the position of the port; the inductance is
Fano-Rhodes Tchebychev filter (0-40 GHz). defined at the point where the microstrip excites the sleflin
just in front of the screen. In this model the microstrip k®c
and stubs have been removed, leaving only the modified slot-
VIlI. A PRACTICAL BALUN EXAMPLE line excitation of the cavity. The magnitude of the refleatio
Although the pass-band model can be realised with discré;%eﬁid?nt.is close to upity, with pre.dict'ed reflection phas
S Shown in figure 15. The inductancg, is given by,
components at low frequencies it can serve only as a design
aid at microwave frequencies where the demands of practical ae _ _2L asw — 0 (46)
implementation make the model almost impossible to achieve dw Zy
In this section, CST [18] is used to design a microstrip to moevhere Z, = 60 Ohms. The results indicate a phase gradient
ified slot-line Marchand balan corresponding approxinyatel of —8.2 x 10~% degrees/Hz which implied; ~ 5.6 nH.
an N = 3 band pass ladder network. This is not intended fdumerical estimation of;,, between 0.5 GHz (below which
achieveB, = 1 (which may be impossible in practice) but isthe reflection coefficient is negligibly small) a2 GHz

10



(above which no data for this model is available) indicate
B, ~ 0.50, assuming that the reflection coefficient is sma
above20 GHz. The capacitanc€’; can be estimated by the
frequencyw, at which the reflection phase is zero at whicl
pointw, = 1/4/L;C;. This occurs at approximately,6 GHz,
leading to a value of”; =~ 0.078 pF andZ. ~ 170 Ohms

using (17). f-»

z

It is instructive to view the kind of values predicted by the
FRT equivalent circuit model shown previously, since thgg o perspective view (grey represents ; conductor ovestsate)
performance of the real balun design is not as good. Using
(17) the tabulated values df; andC; define a characteristic
impedanceZ. ~ 180 Ohms, probably close enough to the

—= <-2.0mm

above value not to be an issue. The tabulafgdand C; 0.15 mm
define an open circuit transmission line with characteristi VIA
impedanceZ, ~ 10 Ohms and the tabulatefth andC; define 08 mm S5imm | =g
a shorted line with characteristic impedangée~ 270 Ohms. '

The electrical length is constant for all elemetts 7, and ) 2
Z3 with estimatedd = 9.7 mm. On the other hand the real 0.05mm

balun example features an open circuit stub approximated by
2.7 mm wide microstrip which has a characteristic impedance
of about 20 ohms. Similarly, the via-terminated.15 mm

thin line has a characteristic impedance of abbit Ohms
(evaluated by CST, but very similar to coplanar waveguide
with no ground plane). Unfortunately, respectively lowegri
and raising these characteristic impedances is not feasil
this substrate material. —||<— 08mm

VIIl. CONCLUSIONS Fig. 10. Top plan view (blue represents conductor over satest

The conditions for construction of a bandwidth-optimal Pl
perfect balan are given in terms of a minimum reflectio ‘

phase band pass filter equivalent circuit. Other minimu vial !
reflection phase networks are also possible, but have 1 20mm '%
been considered here. The representation is applicableyto 4rmm

perfect balan for which the balanced output port is indectiv ittt il
in the low frequency limit. In reality, for microwave ultra - e
wide band applications, it is likely thaB, = 1 designs are ¥
not possible, but this sets the “gold standard” for refegent '
purposes. Practical realisations have reduced perforendine ¥
to a number of reasons, but chiefly due to the difficult i
of achieving elements with both sufficiently high and (to ¥
lesser extent) sufficiently low characteristic impedanard |
the difficulty of connecting them together without introchg ¥
unwanted parasitics. A practical 2-18 GHz balun is simadlate
using CST, for comparison purposes, with an estimated valgg, 11. Plan view showing regions of conductor removed fraougd plane
of B, = 0.5.

In addition to the requirement to come as close as possible fgise large inductances without large capacitance, oiveq
achieving minimum reflection phase (looking into the ba@hc giently to achieve high characteristic impedance trarsiors

port towards the unbalanced port through an all-pass filtefhes. Unfortunately, this still remains something of a ltho
it is also advantageous to employ a balanced output pgghy

whose characteristic impedance is as low as possible and
transformed using an impedance transformer to the required
load impedance. This will also be set by practical constsain
e.g. track widths and mechanical tolerances. Finally welavou
remark that for this application, as for many others, theiste Previously three necessary and sufficient conditions were
the general desire to obtain lossless high relative perititgab specified in order to ensure a maximum integrated bandwidth
materials at microwave frequencies. These could be useddifined byB, = 1. The Bode-Fano bandwidth inequalities

IX. APPENDIX1. THE REQUIREMENTS FOR OPTIMAL
INTEGRATED BANDWIDTH

11
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are well known, but not so the conditions for equality which
come from Fano’s original analysis. Referring to figure 1 and
to [9], the logarithm of the inverse of the backward reflegtio
coefficientp; may be written as,

log,(1/p1) = =1+ Alp+ A3p’ + ... (47)

written as a Taylor expansion near zero frequency, where
jw. Of importance is the coefficient} which is independent

of the network N assuming thatV” does not have a shunt
inductor at its output port (this is an example of degeneracy
which Fano considers in greater generality than required)he

If it does, then it should be lumped in with. If there is no
such degeneracy,

Af = Zp&-l - Zp;oﬁ- (48)

where py; are the zeros op; and p.,; are the poles o,
which are independent of the netwol’. Fano shows that,

<1 1 71' ™
—log, (7 ) dw=SF) =2 A -2) p.;}
/0 w? ge(|m<w>|> 2! 2(1 I

3
(49)

wherep,; are the real parts of any zerosgfin the right hand
half plane. The integral is positive and) depends only on
the networkN’ inductor so the sum over,; always reduces
the value of the integral. Furthermore, eagh is positive so
we require there to be no zeros in the right hand half plane.
This is a statement of the minimum phase definition of the
reflection coefficient; .

Consequently, the integral attains its maximum value piedi

N"" contains no shunt inductance at its output and provided
p1 is minimum phase. In this case the integral takes the value
7 A} /2 which is dependent only on the value bfwhich is

the only element ofN’. In the limit thatw — 0, only the
inductor L contributes to the reflection coefficiept,

1_>pL_RL
pL + Ry,

which has one pole and one zefa,; = —R./L andpy, =
Ry /L so thatA} = 2L/Ry. Thus we obtain,

Sl | 1 L
—lo —— ) dw = — 51
/o 2 g@<|pl<w>|) I 1)

If the network N is lossless thedl’| = |p;| and we obtain
equality in the Bode-Fano result.

p (50)
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